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Abstract
By using the first Binet’s formula the strictly completely monotonic properties of functions in-
volving the psi and polygamma functions are obtained. As direct consequences, two inequalities are
proved. As an application, the best lower and upper bounds of the nth harmonic number are estab-
lished.
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It is well known that the Euler gamma function Γ (z) is defined for Re z > 0 as Γ (z) =∫∞
0 t
z−1e−t dt . The function ψ(x) = Γ ′(x)
Γ (x)
, the logarithmic derivative of the gamma func-
tion, and ψ(i)(x) for i ∈ N are called the psi or digamma function and the polygamma
functions.
A function f is said to be completely monotonic on an interval I if f has derivatives of
all orders on I which alternate successively in sign, that is
(−1)nf (n)(x) 0 (1)
for x ∈ I and n 0. If inequality (1) is strict for all x ∈ I and for all n 0, then f is said
to be strictly completely monotonic.
The series
∑∞
i=1 1i is called the harmonic series. The sum of the first few terms of the
harmonic series is given in [1], [3, p. 593] and [9, p. 104] analytically by the nth harmonic
number
H(n) =
n∑
i=1
1
i
= γ + ψ(n + 1), (2)
where γ = 0.57721566 . . . is the Euler–Mascheroni constant.
L. Tóth in [8, p. 264] posed the following problems:
(1) Prove that for every positive integer n we have
1
2n + 25
< H(n) − lnn − γ < 1
2n + 13
. (3)
(2) Show that 25 can be replaced by any slightly smaller number, but that 13 cannot be
replaced by a slightly larger number.
In this article, by exploiting the first Binet’s formula in [1] and [9, p. 106], we obtain
the following strictly completely monotonic properties of some functions involving the psi
and polygamma functions.
Theorem 1. The following functions
ψ(x) − lnx + 1
2x
+ 1
12x2
, (4)
lnx − 1
2x
− ψ(x), (5)
ψ ′(x) − 1
x
− 1
2x2
− 1
6x3
+ 1
30x5
, (6)
1
x
+ 1
2x2
+ 1
6x3
− ψ ′(x) (7)
are strictly completely monotonic in (0,∞).
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gamma, psi, and polygamma functions are verified in [4–7].
As direct consequences of Theorem 1, we have the following two inequalities.
Corollary 1. For x > 0, we have
1
2x
− 1
12x2
< ψ(x + 1) − lnx < 1
2x
, (8)
1
2x2
− 1
6x3
<
1
x
− ψ ′(x + 1) < 1
2x2
− 1
6x3
+ 1
30x5
. (9)
As an application of Corollary 1, we establish the best lower and upper bounds of the
nth harmonic number H(n) as follows.
Theorem 2. For arbitrary natural number n ∈N, we have
1
2n + 11−γ − 2
H(n) − lnn − γ < 1
2n + 13
. (10)
The constants 11−γ − 2 and 13 are the best possible.
2. Proofs of theorems
Proof of Theorem 1. Clearly for x > 0 and any nonnegative integer k,
1
xk+1
= 1
k!
∞∫
0
tke−xt dt. (11)
The first Binet’s formula ([1] and [9, p. 106]) states that for x > 0,
lnΓ (x) =
(
x − 1
2
)
lnx − x + ln√2π −
∞∫
0
(
1
2
+ 1
t
− 1
1 − e−t
)
e−xt
t
dt. (12)
Differentiating (12), integrating by part and using formula (11), it is deduced that
ψ(x) − lnx + 1
x
=
∞∫
0
(
1
t
− 1
et − 1
)
e−xt dt. (13)
Using formulas (11) and (13) yields
q(x)ψ(x) − lnx + 1
2x
+ 1
12x2
=
∞∫ (1 − 1
t
− 1 + t
)
e−xt dt0
t e − 1 2 12
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∞∫
0
(12 − 6t + t2)et − (12 + 6t + t2)
12t (et − 1) e
−xt dt
> 0 (14)
and
p(x)ψ(x) − lnx + 1
2x
=
∞∫
0
(
1
t
− 1
et − 1 −
1
2
)
e−xt dt =
∞∫
0
(2 − t)et − (t + 2)
2t (et − 1) e
−xt dt
< 0, (15)
since it is easy to see that (12−6t + t2)et − (12+6t + t2) > 0 and (2− t)et − (t +2) < 0 in
(0,∞). Hence, (−1)kq(k)(x) > 0 and (−1)k+1p(k)(x) > 0 in (0,∞) for any nonnegative
integer k.
Formula (13) implies
ψ ′(x) − 1
x
− 1
x2
=
∞∫
0
(
t
et − 1 − 1
)
e−xt dt. (16)
Employing formulas (11) and (16) leads to
r(x) 1
x
+ 1
2x2
+ 1
6x3
− ψ ′(x)
=
∞∫
0
(
1 − t
et − 1 −
t
2
+ t
2
12
)
e−xt dt
=
∞∫
0
(12 − 6t + t2)et − (12 + 6t + t2)
12(et − 1) e
−xt dt
> 0 (17)
and
s(x) 1
x
+ 1
2x2
+ 1
6x3
− 1
30x5
− ψ ′(x)
=
∞∫
0
(
1 − t
et − 1 −
t
2
+ t
2
12
− t
4
720
)
e−xt dt
=
∞∫
0
(t4 − 60t2 − 360t − 720) − (t4 − 60t2 + 360t − 720)et
720(et − 1) e
−xt dt< 0, (18)
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in (0,∞). Therefore, (−1)kr(k)(x) > 0 and (−1)k+1s(k)(x) > 0 in (0,∞) for any nonneg-
ative integer k. The proof is complete. 
Proof of Corollary 1. These follow from Theorem 1 and using ψ(x+1) = ψ(x)+ 1
x
. 
The first proof of Theorem 2. From formula (2), it is deduced that inequality (10) can be
rearranged as
1
3
<
1
ψ(n + 1) − lnn − 2n
1
1 − γ − 2. (19)
Define for x > 0,
φ(x) = 1
ψ(x + 1) − lnx − 2x. (20)
Straightforward computation and utilizing (8) and (9) reveal that for x > 125 ,
(
ψ(x + 1) − lnx)2φ′(x) = 1
x
− ψ ′(x + 1) − 2(ψ(x + 1) − lnx)2
<
1
2x2
− 1
6x3
+ 1
30x5
− 2
(
1
2x
− 1
12x2
)2
= 12 − 5x
360x5
< 0, (21)
and φ(x) decreases with x > 125 .
Straightforward calculation produces
φ(1) = 1
1 − γ − 2 = 0.36527211862544155 . . . , (22)
φ(2) = 13
2 − γ − ln 2
− 4 = 0.35469600731465752 . . . , (23)
φ(3) = 111
6 − γ − ln 3
− 6 = 0.34898948531361115 . . . . (24)
Therefore, the sequence
φ(n) = 1
ψ(n + 1) − lnn − 2n, n ∈N, (25)
is decreasing strictly, and for n ∈N,
lim
n→∞φ(n) < φ(n) φ(1) =
1
1 − γ − 2. (26)
Making use of approximating expansion of ψ in [1], [3, p. 594], or [9, p. 108] gives
1 1ψ(x) = lnx −
2x
−
12x2
+ O(x−4) (x → ∞), (27)
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lim
n→∞φ(n) = limx→∞φ(x) = limx→∞
1
3 + O(x−2)
1 + O(x−1) =
1
3
. (28)
The proof is complete. 
The second proof of Theorem 2. Define the sequence {xn}n∈N by
1
2n + xn =
n∑
k=1
1
k
− lnx − γ. (29)
Then, using that (see [2, p. 466] and [8])
n∑
k=1
1
k
= lnn + γ + 1
2n
− 1
12n2
+ εn
120n4
, (30)
where εn ∈ (0,1) for n ∈N, it is easy to show that the sequence {xn}n∈N is strictly decreas-
ing and that limn→∞ xn = 13 . 
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